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Abstract
In presenting an up-to-date account of the experimental knowledge of the CKM matrix,
special emphasis is placed on the exceptional degree of consistency shown by the current
Standard Model determination of the unitarity triangle; some implications in the question
of how the theoretical nature of the dominant uncertainties affects the Standard Model pre-
dictions are discussed. Recent experimental results include improved determinations of |Vcb|
by OPAL and CLEO, the confirmation of rare (charmless hadronic and electromagnetic pen-
guin) B decays and preliminary sin 2β measurements by BaBar and Belle (new world aver-
age: sin 2β = 0.48+0.22−0.24). The updated constraints lead to the Standard Model predictions
sin 2β = 0.68± 0.03|exp ± 0.04|th, sin 2α = −0.43± 0.15|exp ± 0.20|th, γ = (56 ± 5|exp
+5
−6|th)
◦,
∆mBs = 16.2
+2.7
−0.3|exp
+1.5
−1.0|th ps
−1.
1Contribution to Beauty 2000, September 13-18 2000, Kibbutz Maagan, Israel. To appear in the Proceedings
(Nucl. Instr. Meth. A).
1 Present knowledge of the CKM matrix
A review of the current Standard Model (SM) determination of the CKM matrix and of the
unitarity triangle (UT) is presented. Table 1 lists the relevant experimental sources, the best
values of the CKM matrix elements of the first two rows and the indirect constraints on the
third row, the latter presupposing the SM description of the effective flavour changing neutral-
current (FCNC) processes. Experimental values and theoretical estimates used in the analysis
of the UT are summarized in Table 2 (see Ref. [1] for a more detailed description).
Table 1: Experimental determination of the CKM matrix.
|Vij | etc. from value ref.
GF muon lifetime 1.16639(1) · 10
−5GeV −2(h¯c)3 [2]
|Vud| nuclear super-allowed decays 0.9740 ± 0.0001exp ± 0.0010th [5, 2]
|Vud| neutron decay 0.9738 ± 0.0016exp ± 0.0004th (a)
|Vud| pion β decay 0.9670 ± 0.0160exp ± 0.0008th [5]
|Vus| Ke3 decays 0.2200 ± 0.0017exp ± 0.0018th [1]
|Vus| hyperon semileptonic decays 0.21 – 0.24 (b)
|Vcd|
|Vcs|
neutrino charm production
0.225 ± 0.012
1.04± 0.16
[1]
|Vcs| De3 decays 1.02± 0.05exp ± 0.14th (c)
|Vcs| hadronic W decays 0.99± 0.02 (d)
|Vub| B → ρℓν¯ (3.25± 0.30exp ± 0.55th)10
−3 [11]
|Vub/Vcb|
inclusive B → Xuℓν¯
(CLEO, ARGUS)
0.088± 0.006exp ± 0.007th text
|Vub|
2 inclusive b→ uℓν¯ (LEP) (16.8 ± 5.5exp ± 1.3th)10
−6 (e)
|Vcb| B → D
∗ℓν¯ (42.8 ± 3.3exp ± 2.1th)10
−3 (f )
|Vcb| inclusive b→ cℓν¯ (41.2 ± 0.7exp ± 1.5th)10
−3 (g)
|Vtb|
2/
∑
i
|Vti|
2 top quark decays 0.93+0.31
−0.23 [15]
effective FCNC processes
|VtdVtb|
|Vts/Vtd|
B0
d
/B¯0
d
and B0s/B¯
0
s oscillations
(8.1± 0.7exp ± 0.6th) · 10
−3
> 4.6
(h)
|VtsVtb/Vcb|
2 inclusive b→ sγ 0.94± 0.11exp ± 0.09th (i)
Im(Vij ) CP-violation measurements: |ǫK | = (2.271 ± 0.017) · 10
−3 [2]
ǫ′K/ǫK = (19.0 ± 4.5) · 10
−4 (l)
sin 2β = 0.48+0.22
−0.24 text
(a) from the average experimental values τn = 885.8 ± 0.8 s and gA/gV = −1.2698 ± 0.0026 including two
recent, precise measurements [6] besides those quoted in Ref. [1]. – (b) While the experimental error is at
the 1% level, the spread of values reflects the model dependence of the SU(3)-breaking calculations (Ref. [7]).
– (c) from the experimental average Γ(De3) = (8.0 ± 0.8) · 1010 s−1 [2], where an exact isospin symmetry
between D0 → K−e+νe and D+ → K¯0e+νe is assumed despite the 3%-level consistency between the two
rates (error scaled by 2.2); the theoretical error accounts for the uncertainty in the form-factor normalization.
– (d) average of the LEP measurements at centre-of-mass energies up to 202 GeV [8]. – (e) from the LEP
average B(b → uℓν¯) = (1.74 ± 0.57) · 10−3 [12], using the relation to |Vub| derived in the context of Heavy
Quark Theory [10]. – (f ) from the average F(1) · |Vcb| = (38.1± 3.0) · 10
−3 (Table 4), using F(1) = 0.89± 0.04
[10]. – (g) The rates measured at the Z0 and at the Υ(4S) are [2] Γb→cℓν¯
Z0
= (6.75 ± 0.14) · 10−2 ps−1 and
ΓB→Xcℓν¯
Υ(4S)
= (6.42± 0.16) · 10−2 ps−1 after correction for the b→ u contribution. Their weighted average, with
an enlarged error, is assumed and the HQT relation to |Vcb| [10] is used. – (h) ∆mBd = 0.487 ± 0.014 ps
−1,
∆mBs > 14.9 ps
−1 95% c.l. [16]; bag factor and decay constants from Table 2. – (i) determined by comparing
the experimental average B(b → sγ) = (3.2 ± 0.4) · 10−4 (CLEO, ALEPH and Belle [17]) with the NLO SM
calculation by Chetyrkin et al. [18]. – (l) average of the E731, NA31, KTeV and NA48 results (the latter
recently updated) [19].
The first physics results from the asymmetrical e+e− B-factories have recently appeared.
Preliminary BaBar and Belle measurements of the time dependent CP-asymmetry in B0/B¯0 →
J/ψKS decays, combined with a recent update by ALEPH and earlier results by OPAL and CDF
1
Table 2: Constraints and input parameters used in the determination of the UT.
1) λ = 0.2224 ± 0.0020 ←− |Vus|, |Vud|, |Vcd|, |Vcs|
2) |Vub|excl (×10−3) = 3.25 ± 0.30 ± 0.55
3) |Vub/Vcb| = 0.088 ± 0.006 ± 0.007
4) |Vub|
2
incl
(×10−6) = 16.8 ± 5.5 ± 1.3
5) |Vcb|excl (×10−3) = 42.8 ± 3.3 ± 2.1
6) |Vcb|incl (×10−3) = 41.2 ± 0.7 ± 1.5
7) |ǫK | (×10−3) = 2.271 ± 0.017 BK = 0.94± 0.08
8) ∆mBd (ps
−1) = 0.487 ± 0.014
{
fBd = 190± 19± 10 MeV
BB = 1.30± 0.15
9) ∆mBs (ps
−1) > 14.9 95% c.l. fBs/fBd = 1.15± 0.04
A superscript bar indicates theoretical uncertainties for which flat distributions (width = 2 · error/0.68) are
assumed; the remaining uncertainties are treated as Gaussian errors. The values of BK , BB and fBs/fBd are
taken from a compilation of lattice-QCD results [1], while fBd is an indirect determination obtained from the
measured value fDs = 250 ± 25 MeV using fBd/fDs = 0.76 ± 0.04; almost identical estimates are given in
recent lattice reviews including the first partially unquenched results [21]. The leptonic rate B(D+s → µ
+νµ) =
(0.51 ± 0.10) · 10−2, from which the decay constant fDs is extracted, is the average of eight measurements [20]
of the µ+νµ and τ+ντ channels, combined assuming lepton universality and taking into account the correlation
due to the uncertainty on the background process B(D+s → φπ
+). The parameters mt = 166 ± 5 GeV ,
mc = 1.25 ± 0.7 GeV , ηcc = 1.38± 0.53, ηct = 0.47 ± 0.04, ηtt = 0.574 (fixed), ηb = 0.55± 0.01 are also used.
[3] (see Table 3), lead to the world-average value sin 2β = 0.48+0.22−0.24, with 0.01 < sin 2β < 0.91
at the 95% c.l. and a probability of P (sin 2β > 0) = 98% that CP violation has been measured
in this channel. The final probability distribution function (p.d.f.) for sin 2β, computed by
combining the likelihood functions obtained in the experiments, is plotted in Figure 1, where
the good agreement between the measurements and the SM prediction is made evident. A new
measurement of the inclusive b→ sγ branching ratio by Belle confirms previous evaluations by
CLEO and ALEPH [17], implying (with |Vtb| ≃ 1) |Vts| = (40.2 ± 3.3) · 10
−3. The hadronic
decays B → Kπ and B → ππ, which can in principle be related to the CKM angle γ even with
CP-averaged measurements, have been observed by CLEO, Belle and BaBar [4].
Table 3: sin 2β measurements and average.
experiment [3] sin 2β error from fit other syst.
OPAL 3.2 +1.8
−2.0 ±0.5
CDF 0.79 +0.41
−0.44 -
ALEPH 0.84 +0.82
−1.04 ±0.16
BaBar 0.12 ±0.37 ±0.09
Belle 0.45 +0.43
−0.44
+0.07
−0.09
average 0.48+0.22
−0.24
To combine the results, the convolution of the original likelihood function with a Gaussian distribution describing
the additional systematic error (last column) has been assumed for each experiment.
Other recent B physics results include updated OPAL and CLEO measurements of |Vcb|
using B → D∗ℓν¯ decays, which confirm a systematical increase in the central value with
respect to previous analyses (see Table 4), at least partially due to the adoption of an im-
proved parametrization of the form factor F(w) near the point of zero recoil. Precise mea-
surements of the neutron decay lifetime and axial coupling constant, higher-energy results for
W → (hadrons) decays at LEP, new analyses of pure leptonic D±s decays (WA92, ALEPH)
and updated averages by the LEP Working Groups (see Tables 1, 2 and captions) complete
the definition of a complex framework of experimental information, which finds a coherent and
satisfactory interpretation in the SM description of the processes governed by the CKM matrix.
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Figure 1: P.d.f.’s for sin 2β: measurements, average and SM prediction.
Table 4: Determination of F(1)|Vcb| from B → D
∗ℓν¯.
experiment [9] F(1) · |Vcb| (×10
−3) (previous result)
ALEPH 31.9± 1.8± 1.9 -
DELPHI 37.95 ± 1.34 ± 1.59 (35.4 ± 1.9± 2.4)
OPAL 37.1± 1.0± 2.0 (32.8 ± 1.9± 2.2)
LEP average 36.1± 1.8
CLEO 42.4± 1.8± 1.9 (35.1 ± 1.9± 1.9)
average 38.1± 3.0
Inclusive and exclusive measurements of B semileptonic decays concur to the determina-
tion of the crucial constraints |Vub| and |Vcb|. The results obtained using different techniques
(Table 1) agree with each other within the experimental errors, even if still debated theoret-
ical assumptions are involved (the quark-hadron duality in the inclusive determinations) and
cases of strong model dependence exist (the |Vub| exclusive measurement). The most precise
measurements involving b→ u transitions were obtained in the lepton end-point inclusive anal-
yses by CLEO, ARGUS and CLEO II. Model dependent values of |Vub/Vcb| were extracted
from these results (see Table 5); however, the ACCMM model is the only one yielding three
consistent values (the KS model was already ruled out in the exclusive analysis by CLEO [11]
as predicting two incompatible values of |Vub| from the ρℓν¯ and πℓν¯ channels). Retaining the
average experimental value obtained within the ACCMM model as the best determination and
adding a further 8% ‘theoretical’ error on the basis of the residual discrepancy between the three
measurements (error scaled by
√
χ2/2 ≃ 1.6), one gets |Vub/Vcb| = 0.088± 0.006exp ± 0.007th.
This choice is supported a posteriori by the agreement of all three ACCMM predictions with
the combination of the independent CLEO (exclusive) and LEP (inclusive) measurements (see
Figure 2).
The constraints listed in Table 2 have been used as the input values of a Bayesian deter-
mination of the UT parameters, realized through a Monte Carlo scanning of all the uncertain
quantities within the allowed ranges, assuming flat and Gaussian prior distributions. The
Wolfenstein parameter λ has been determined from a fit to the available measurements of |Vus|,
|Vcd| (≃ λ), |Vud| (≃ 1 − λ
2/2 − λ4/8) and |Vcs| (≃ 1 − λ
2/2 − λ4(1/8 + A2/2)) (the result,
λ = 0.2224±0.0020, is one standard deviation higher than the direct measurement of |Vus|. The
68% c.l. results for the co-ordinates (ρ¯, η¯) of the vertex of the UT, the CP-violation observables
sin 2β, γ and sin 2α and the Bs oscillation parameter ∆mBs are
3
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Figure 2: Comparison between the lepton end-point measurement of |Vub/Vcb| in four models
and the combined LEP(inclusive)-CLEO(exclusive) result.
Table 5: Determination of |Vub/Vcb| from inclusive end-point measurements.
(*) pℓ (GeV ) KS WSB ACCMM ISGW
CLEO
2.2 – 2.4
2.4 – 2.6
0.095± 0.011 0.114 ± 0.018 0.089 ± 0.011 0.148± 0.020
ARGUS 2.3 – 2.6 0.110± 0.012 0.130 ± 0.015 0.110 ± 0.012 0.200± 0.023
CLEO II
2.3 – 2.4
2.4 – 2.6
0.057± 0.006 0.075 ± 0.007 0.078 ± 0.008 0.104± 0.010
average 0.073± 0.005 0.088 ± 0.006 0.088 ± 0.006 0.124± 0.008
χ2 (c.l.) 20.6 (0.003%) 13.4 (0.1%) 4.9 (8.6%) 16.4 (0.03%)
(*) see Refs. [13] (experimental results) and [14] (models).
ρ¯ = 0.21± 0.03|exp ± 0.04|th = 0.21± 0.05
η¯ = 0.31± 0.02|exp ± 0.03|th = 0.31± 0.03
sin 2β = 0.68± 0.03|exp ± 0.04|th = 0.68± 0.05
sin 2α = −0.43± 0.15|exp ± 0.20|th = −0.43± 0.25
γ = (56± 5|exp
+5
−6|th)
◦ = (56+7−8)
◦
∆mBs = 16.2
+2.7
−0.3|exp
+1.5
−1.0|th ps
−1 = 16.2+3.1−1.0 ps
−1
The region selected by the constraints in the ρ¯, η¯ plane is shown in Figure 3. Even if some
of the parameters are known to a precision of better than 10%, the current profile of the UT
cannot be considered as a precise determination: this is especially true if one believes that
new physics will manifest itself through small deviations from the SM, as is suggested by the
consistency of the present constraints. As an example, Figure 4 (a) shows how the SM profile
of the UT can be modified according to a class of minimal supersymmetric extensions (MSSM),
in which no new phases enter into the expressions of the CP-violating asymmetries of B decays
and the analysis of the UT can be performed in a similar way as in the SM (see Ref. [22]
for a detailed review and further examples). The contribution of new physics in this class of
models is measured by a single additional parameter ∆SUSY ≥ 0, entering into the expressions of
∆mBd , ∆mBs and |ǫK | as a sort of ‘correction’ to the top-quark loop functions: the substitution
4
Figure 3: Constraints on the UT (±1σ) and allowed region (68 and 95% c.l.) for the vertex
(ρ¯, η¯). The lines corresponding to the present experimental average of sin 2β are also shown.
S(m2t/m
2
W )→ (1+∆SUSY )·S(m
2
t/m
2
W ) has to be made, with ∆SUSY = 0 in the SM. There is a
significant overlap between the UT profile in the SM and the one corresponding to the maximum
deviation from the SM (∆SUSY = 0.75, maximum value allowed by limits on supersymmetric
masses and electric dipole moments [22]). In particular, a precise measurement of sin 2β would
not be able to exclude one or the other, the MSSM prediction being included between 0.46
and 0.70 at the 95% c.l.; there may be an additional difficulty in interpreting the result, if the
unknown new physics should also affect the measurement of sin 2β (i.e. its relation with the
measured CP-asymmetry). This is one reason why the sides of the UT will have to be known
with higher precision independently of the direct measurements of the angles. Extensive lattice-
QCD simulations and an enhanced theoretical understanding of B decays at the quark-level
are first priorities to this purpose; at the same time, new measurements will provide additional
constraints (e.g. |Vub/Vtd| from B(B
+ → µ+νµ)/∆mBd [23]) and an experimental check of the
theoretical estimates (fBd , fDs , fD).
2 Over-consistency and theoretical errors
There is an interesting coincidence related to the example of the MSSM models. When the
parameter ∆SUSY is left free to vary and determined from the UT constraints, the p.d.f. plotted
in Figure 4 (b), showing a sharp maximum just in ∆SUSY = 0, is obtained. This result, though
not precise enough to further restrict the allowed range of values, is an example of how difficult is
to detect small incongruities in the present SM determination of the UT, even when constraints
crucially related to the possible contribution of new physics are concerned.
A rough quantification of the consistency between the constraints is given by the result
of a χ2 test, carried out after adding in quadrature experimental and theoretical errors: the
minimum value is χ2 = 1.8 with 5 degrees of freedom, corresponding to an 88% probability of
finding less consistent results.
It may be argued that the results of a statistical analysis of the UT should be regarded with
a certain reserve due to the large theoretical errors entering into the constraints. Actually, a
5
Figure 4: SM and MSSM profiles of the unitarity triangle and p.d.f. for ∆SUSY .
declaredly ‘conservative’ treatment of the theoretical uncertainties is adopted in other analyses
of the UT [24, 23], where the need for a confirmation of some crucial assumptions (the quark-
hadron duality, the reliability of quenched or partially unquenched lattice-QCD calculations)
and the difficulty of establishing the meaning and the magnitude of the non-statistical errors
are emphasized.
On the other hand, one aspect of the extraordinary consistency of the current SM constraints
on the UT is that the dependence of the results of a ‘global fit’ on the choice of the theoretical
errors is rather weak, as is shown by the following examples (the results are listed in Table
6, where the label ‘standard’ refers to the results obtained with the original choice of flat
theoretical errors, as indicated in Table 2):
i) almost identical results are obtained when all the errors, including the ‘theoretical’ ones,
are assumed to be Gaussian;
ii) both when all the theoretical errors are set equal to zero and when they are multiplied
respectively by factors of 2 and 4, all the mean values remain practically unchanged.
Table 6: Dependence of the results on the choice of the theoretical errors.
ρ¯ η¯ sin 2β γ (◦)
th. errors = 0 0.21± 0.03 0.30± 0.02 0.67± 0.03 56± 5
Gaussian errors 0.21± 0.05 0.31± 0.04 0.68± 0.05 56± 8
(standard) 0.21± 0.05 0.31± 0.03 0.68± 0.05 56± 8
th. errors ×2 0.22± 0.08 0.32± 0.06 0.70± 0.09 56± 12
th. errors ×4 0.22± 0.13 0.33± 0.10 0.72± 0.15 57± 20
Mean and standard deviation of the final p.d.f. are given for each result.
Similar and complementary examples are presented in Ref. [25], confirming in particular
that the shape of the prior distribution assumed for the parameters affected by theoretical
uncertainty is not relevant. Moreover, the mean values of the predictions are independent of
how large the theoretical errors are chosen. As a further example, the (above-mentioned) low
chi-square value may indicate that the current estimates of the theoretical uncertainties, in
accordance with their non-statistical nature, tend to be associated with confidence levels higher
6
than the assumed one-standard-deviation value.
Apparently, the present determination of the UT is a configuration of extraordinary stabil-
ity; enhanced theoretical calculations, while essential to improve the existing constraints, are
unlikely to upset this picture.
Conclusions
Improved measurements and new results confirm a high degree of coherence in the SM descrip-
tion of the processes governed by the CKM matrix. In particular, the present determination
of the UT is extraordinarily self-consistent and only weakly dependent on definite assumptions
about the meaning and the magnitude of the theoretical errors; nevertheless, it is not precise
enough to put stringent constraints on at least certain minimal extensions of the SM. The ex-
periments are facing a real challenge in their attempt to cause possible signals of new physics
to emerge from this picture. For this purpose, a better determination of the sides of the UT,
involving the progress of both the experimental and the theoretical techniques, should be given
the same high priority as the direct measurements of the angles.
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